In this article, under the investigation on the interactions among multiple solitons for an eighth-order nonlinear Schrödinger equation in an optical fibre, oscillations in the interaction zones are observed theoretically. With different coefficients of the operators in this equation, we find that (1) the oscillations in the solitonic interaction zones have different forms with different spectral parameters of this equation; (2) the oscillations in the interactions among the multiple solitons are affected by the choice of spectral parameters, the dispersive effects and nonlinearity of the eighth-order operator; (3) the second-, fifth-, sixth-, and seventh-order operators restrain oscillations in the solitonic interaction zones and the higher-order operators have stronger attenuated effects than the lower ones, while the third-and fourth-order operators stimulate and extend the scope of oscillations.
Introduction
Via the balance between the group velocity dispersion and self-phase modulation, optical solitons have been seen to propagate undistorted over a long distance and remain unaffected after the interaction with each other in an optical fibre [1] [2] [3] , which have been attractive in the optical communication systems [4, 5] . Evolution of the pulses in an optical fibre has been modelled by the nonlinear Schrödinger (NLS) equation [6] , 
where q is the slowly varying electric field and the subscripts denote the partial derivatives with respect to the scaled distance ξ and time τ. Nonetheless, (1) has been seen to represent the lowest-order approximation describing the propagation process [7] . When the intensity of the incident light field increases and the pulses shorten, (1) fails in the physical description of the propagation of light pulses in fibres due to the negligence of the higher-order dispersion terms and the non-Kerr nonlinearity effects [7] [8] [9] . Thus, validity of the propagation modelling has been extended via the consideration on the higher-order dispersive effects as well as higher-order nonlinearity [10] [11] [12] [13] [14] . The NLS hierarchy, used to investigate the higherorder dispersive effects and nonlinearity, has appeared as [15] : where ψ represents a normalised complex amplitude of the optical pulse envelope, the subscripts x and t, respectively, denote the partial derivatives with respect to the scaled distance and time, the parameters Å 2 , Å 3 , … are all the real constants, and K j [ψ(x, t)] (j = 1, 2, …) is the j th -order operator in the NLS hierarchy as seen in the Appendix of this article. Special cases of (2) have been seen as: 1. Truncating (2) at the second-order operator have yielded (1) for the steady nonlinear waves on the surface of an infinitely deep fluid [16] ; 2. Truncating (2) at the third-order operator have yielded the Hirota equation for the third-order dispersion and time-delay correction to the cubic nonlinearity in ocean waves [17, 18] ; 3. Truncating (2) at the fourth-order operator have yielded the Lakshmanan-Porsezian-Daniel equation for the ultrashort optical pulse propagation in a longdistance high-speed optical fibre [19] [20] [21] [22] .
In this article, we will truncate (2) to an eighth-order NLS equation with the following form, 
to investigate the higher-order dispersive effects on the interactions among multiple solitons. The oscillations, which exist in the propagation of solitons, have been observed by the experiments conducted in [23] [24] [25] , whose intention is to investigate the dynamics of long-lived dark and dark-bright solitons in the highly stable optically trapped Bose-Einstein condensates [23] , described within the framework of the nonlinear Gross-Pitaevskii equation [24] . Via the investigation of the interactions among multiple solitons for (3), we have observed graphically that some oscillations arise in the solitonic interaction zones. To our knowledge, the oscillations in the interactions among multiple solitons for an eighth-order NLS equation and its characteristics have not been discussed yet. Motivated by that, in Section 2, we will give the Lax pair and infinitely many conservation laws to analyse the integrability of (3). In Section 3, we will present the analytic one-, two-, and multisoliton solutions via the Darboux transformation (DT). In Section 4, the effects of the parameters Å 2 , Å 3 , …, Å 8 on the propagation of one solitons will be analyzed, and the characteristics and origins of the oscillations among multiple solitons will be investigated as well. Section 5 will be our conclusions.
Lax Pair and Infinitely Many Conservation Laws for (3)
Lax pair can ensure the integrability of an NLS-type equation [26, 27] and can be used to derive the multisoliton solutions through the DT and inverse scattering transformation [28] . In addition, existence of the infinitely many conservation laws can be a definition of the complete integrability for an NLS-type equation [29, 30] . Hence, deriving the Lax pair and infinitely many conservation laws is a prerequisite for us to investigate the characteristics of soliton solutions for (3) . Lax pair of (3) can be derived as
where Φ = (φ 1 , φ 2 ) T is a vector eigenfunction (the superscript T denotes the transpose of the vector), φ 1 and φ 2 are the complex functions of x and t and the 2 × 2 matrices U and V are expressible in the forms
λ is the isospectral parameter, i.e. λ x = 0, and A(x, t), B(x, t), and C(x, t) are the complex differentiable functions of x and t. According to the compatibility condition Φ xt = Φ tx , from Lax Pair (4, 5), we can get
Substituting Expressions (4, 5) into (7), we get the following relations:
.
where a j 's, b j 's, and c j 's are the functions of x and t to be determined. Substituting Expressions (11) into (8-10), and equating the coefficients of the same powers of λ, we can obtain the expressions for a j , b j , and c j , which are shown in Appendix for the sake of simplicity.
From the above results, (3) is integrable in the Lax sense. Then, we derive the infinitely many conservation laws for (3) based on Lax Pair (4).
Defining Γ = φ 2 /φ 1 , we can derive the following Riccati-type equation from Lax Pair (4) as 
According to [30] , we can induce the following expansion as
Using the compatibility condition (φ 1,x ) t = (φ 1,t ) x , we can obtain the following conservation form:
Substituting (12) and (14) into (20) and equating the same powers of λ, we obtain the infinitely many conservation laws for (3),
where Ω j 's are the conserved densities and ϒ j 's are the associated fluxes. Existence of the Infinitely-Many Conservation Laws (21) can verify that (3) is completely integrable.
Darboux Transformation and Multi-soliton Solutions for (3)
Based on Lax Pair (4), the DT can be used to acquire the bright N-soliton solutions of (3) among various methods in soliton theory.
Darboux Transformation
To construct the DT, we assume that ψ [0] is the solution of (3), which is called the seed solution, and (φ 11 , φ 21 )
T is a solution of Lax Pair (4) with λ = λ 1 and ψ = ψ [0] . One can verify that and ψ = ψ [0] . The DT matrix D [1] can be constructed as [1] [ 1]
where I denotes the 2 × 2 identity matrix, (H [1] ) −1 is the inverse matrix of H [1] . The DT for (3) can be expressed as [1] [ 0] 1 1 11 21
T to be the N distinct solutions for Lax Pair (4) at λ 1 , λ 2 , …, λ N , respectively, where λ k 's (k = 1, 2, …, N) are the eigenvalues of Lax Pair (4), φ 1,k 's and φ 2,k 's are functions of x and t, we can derive the Nth order DT for (3) as,
with
Multi-soliton Solutions
In this section, we apply the iterative algorithm of the DT to construct the soliton solutions for (3). Taking ψ .
where ς 1 and ς 2 are arbitrary real constants. In general, we set ς 1 = ς 2 = 0. According to (23) , the one-soliton solutions for (3) is given as We take two sets of basic solutions corresponding to two eigenvalues λ 1 and λ 2 , respectively, and obtain the twosoliton solutions from (24) with N = 2, 1, 2, …, N) , the explicit N-soliton solutions of (3) can be generated from the N th -iterated DT (24).
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Soliton Propagations and Interactions of (3)
In this section, based on Solutions (24), (26), and (27), we analytically and graphically investigate the propagation and interaction of the solitons.
The Propagation of One Solitons
Setting λ 1 = α + iβ, where α and β are real constants, We rewrite Solution (26) as According to Solution (28), the soliton amplitude Δ, frequency ω, and velocity v are, respectively, expressed as
Expression (29) shows us that the soliton amplitude can only be affected by |β|, which is the module of the eigenvalue λ's image part, while the velocity is a function of α, β, Å 2 , Å 3 , …, Å 8 . For example, with the different values of eigenvalue λ and parameters Å 2 , Å 3 , …, Å 8 , the solitons shown in Figures 1 and 2 have the same amplitude but different velocities and a certain degree of compressing or broadening.
The Oscillations in the Interactions
Between Two Solitons
In this part, we investigate the interactions between two solitons. Under observations, we find that some oscillations are arisen in the interaction zone of two solitons, which is shown in Figure 3 , where the parameters are set as Å 2 = Å 3 = Å 4 = Å 5 = Å 6 = Å 7 = Å 8 =0.05. In order to obtain more observations of the oscillations, we fix a series of t and get a sequence of x ~ |ψ| graphes, which are shown in Figure 4 .
We can find that the oscillations with a slight amplitude exist at the beginning of interaction, and the amplitude of the oscillations get a sharp increase in a short period of time. At t = 0, which represents the central moment of the two solitons interaction, the oscillations replace the original interaction structures completely 
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and the whole energy of the two solitons decentralises into finite waves. With the elapse of time, the oscillations recede gradually and the two solitons propagate along each directions.
In addition, if we fix x and draw the t ~ |ψ| graphs of two solitons, we can obtain smooth curves without oscillations, which is shown in Figure 5 . This results manifest that the oscillations are in spatial distribution and the amplitude of every point in the space varies continuously in the period of solitons propagations and interactions.
Then, we take different groups of eigenvalues λ 1 and λ 2 and can observe the oscillations in the interaction zone clearly, which are shown in Figure 6 .
Meanwhile, when we take some groups of eigenvalues, we can also observe some peculiar interaction of two solitons without the oscillations that are called bound state solitons, which is shown in Figure 7 .
The previous observation demonstrates that existence of the oscillations in the interaction zone may be not only caused by the selection of eigenvalues λ 1 and λ 2 but also caused by other factors. Hence, we make a conjecture and consider the effects of higher-order derivative terms as one of the origins of the oscillations.
Selecting the same value of the groups of eigenvalues in Figures 3 and 6 , we set the coefficient of higherorder operator K j [ψ(x, t)] to zero in sequence and observe the interaction of two solitons, which are shown in Figures 8-11 . We can see that the oscillations in the interaction zones recede gradually with the vanish of eighth-and seventh-order operators and disappear in the sixth-order equation and other lower-order equations. Hence, the eighth-and seventh-order operators in (3) may be the origins of the oscillations. Next, we discuss the impacts on the oscillations of every order operator in (3). Without loss of generality, we set the eigenvalues 1
Firstly, we just keep the eighth-order operator in (3) . From the analysis in Part 4.1, we can set the coefficient of eighth-order operator Å 8 = 0.005 when we consider the compressibility of the solitons and obtain a sequence of x ~ |ψ| graphes at different t, which are shown in Figure 12 .
By contrast, we just keep the seventh-order operator in (3) and set the Å 7 = 0.005. A sequence of x ~ |ψ| graphes at different t are shown in Figure 13 . Comparing with these two groups of graphes and combining with the preceding analysis, the eighth-order operator is the cause of the oscillations at this group of eigenvalues.
Secondly, we keep the j th (j = 2, 3, …, 7) order operator and eighth-order operator in (3), where the eighth-order operator provides the "normal" oscillations and the j th order operator exerts influence on the oscillations. We set Å 8 = 0.005 and Å j = 0.05, and get a sequence of x ~ |ψ| graphes at t = 0, when the oscillations replace the original interaction structures completely and can illustrate the peculiarity of the oscillations most, shown in Figure 14 . We can find that the second-, fifth-, sixth-, and seventhorder operators restrain the oscillations, and the extent of the inhibiting effect increases with the order aggrandising. The third-and fourth-order operators stimulate the oscillations and expand the range of them.
In conclusion, through selecting some groups of eigenvalues, the oscillations are arisen in the interactions of two solitons, which is caused by the eighth-order operator in (3) . In other words, the eighth-order dispersive effects and nonlinearity generate the oscillations. The second-, fifth-, sixth-, and seventh-order operators restrain the oscillations and the higher-order operators have stronger attenuate effects than lower ones, while the third-and fourth-order operators stimulate the oscillations.
The Oscillations in the Interactions Among Multiple Solitons
In this part, we investigate the interactions among multiple solitons and observe the oscillations. Based on
Expression (24), we obtain the multisoliton solutions for (3).
Interactions among the three solitons are displayed in Figure 15 . We can find the oscillations in the interactions of the three solitons clearly. Comparing to the two solitons, the amplitude and range of the oscillations have an increase, which are more complex. Meanwhile, we can observe the bound-state solitons, as shown in Figure 16 .
With reference to the analysis in Part 4.2, we can investigate the cause of the oscillations, and get the same conclusion as the case of two solitons, which have no need to rewrite it again.
Furthermore, beyond Expression (24), we also investigate the interaction among four solitons and obtain the oscillations and bound-state solitons graphs, which are displayed Figure 17 . The higher-order dispersive effects and nonlinearity generate the oscillations in the case of the four solitons under the same analysis in Part 4.2, which is unnecessary to give a concrete derivation to demonstrate it again.
From the above, under the observation and analysis of the interactions among multiple solitons, we find the oscillations in the interaction zone, which are arisen by 
Conclusions
With ever-increasing intensity of the optical field and further shortening of pulses up, higher-order NLS equations have been constructed to describe the nonlinear soliton pulses in an optical fibre, i.e. 
